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Abstract—Weibull distribution is widely used for the purpose 
of wind energy estimation. Their parameters should be 
precisely estimated since the wind energy is affected by it. The 
aim of this paper is to compare seven numerical methods to 
find out which is the most efficient for determining the 
parameters of Weibull distribution based on wind speed data, 
collected in Zuwara, Libya during 2007 at three hub heights of 
10 m, 30 m, and 50 m above ground, by recording the wind 
speed every 10 minutes. The selected methods used in this 
study included graphical method, standard deviation method, 
empirical method of Justus, empirical method of Lysen, energy 
pattern factor method, maximum likelihood method, and 
modified maximum likelihood method. The performance of the 
seven numerical methods is evaluated by using different 
statistical criteria including mean absolute percentage error, 
mean absolute bias error, root mean square error, and 
correlation coefficient. The presented results indicated if 
Weibull distribution matches well with observed wind speed 
data, the empirical methods of Justus and Lysen present 
favorable efficiency; but if not, maximum likelihood gives the 
best performance followed by empirical methods of Justus and 
Lysen. The graphical method shows weak performance. 

Keywords- Weibull distribution; numerical methods; 
statistical analysis; performance evaluation. 

I.  INTRODUCTION 

Fossil fuels are the main resources to supply energy 
demand worldwide. However, the reserves of fossil fuels are 
limited. The combustion of fossil fuels has negative 
environmental impacts. Conversely, wind energy is clean, it 
also the fastest growing, significant, and commonly energy 
used. An assessment of wind energy potential is an essential 
step before installing a wind turbine at any location. Wind 
speed is the most critical factor in estimating wind energy 
due to its cubic relation with wind power, thus a significant 
change in power may occur even a small variation in wind 
speed. Therefore, a specified distribution must be selected in 
such a way that it gives the best fitting for wind speed data. 
Moreover, parameters of the selected distribution must be 
precisely estimated by using the efficient method if the 
solution requires numerical iterations. 

 

Several studies have reported in the field of comparison 
of methods for determining the shape and scale parameters 

of the Weibull distribution. S. Akdag et al. [1], developed a 
new method for estimating the parameters of the Weibull 
distribution, this method is called power density method. 
They compared the performance of this method with other 
methods such as moment, maximum likelihood, and 
graphical method. They used different analysis to evaluate 
the stability and accuracy of the selected methods. The 
results indicated that the new developed method has better 
suitability than other methods. P. Rocha et al. [2] compared 
the performance of seven numerical methods for estimating 
the shape and scale parameters of Weibull distribution based 
on measured wind speed data collected in different locations 
in Brazil. They used statistical analysis to analyze the 
efficiency of the selected methods. Their results indicated 
that the equivalent energy method is an efficient method for 
estimating the Weibull parameters. J. Seguro et al. [3] 
presented three methods to determine the parameters of 
Weibull distribution and compared between them.  The 
results indicated that the graphical method is less accurate 
than any other method. They recommended using the 
maximum likelihood method for estimating parameters of 
the Weibull distribution. 

 

The purpose of this study is to evaluate the performance 
of the seven methods by using the selected statistical criteria 
to find out which is the most accurate for estimating Weibull 
parameters. The MATLAB programming is used for 
simulation. 

 

II. WEIBULL DISTRIBUTION 

For any given wind speed data it is important to know 
mean  and standard deviation  of data, they are given by 
[4, 5]:  = ∑                                 (1) 

 = ∑ ( − )                       (2) 
 

where  is the  wind speed, and  is the total number of 
wind speed data.  
 

Wind is random phenomena, to dealing with wind speed 
and determine wind energy potential of a region, it is 
necessary to use statistical analysis which is describing wind 
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speed data by probability density function (simply 
distribution). The Weibull probability density function ( ) 
is given by [1, 2, 5- 8]: 

 ( ) =                       (3) 
 

where ,  are the dimensionless shape and scale (in m/s) 
parameters of Weibull distribution. The Weibull cumulative 
distribution function ( ) is given as [1, 2, 5–7]: 
 ( ) = 1 −                                 (4) 

 
 

The mean wind speed and standard deviation of Weibull 
distribution are given by [5, 9]: 

 
 = Г 1 +                               (5) 

 
 = Г 1 + − Г 1 +                  (6) 
 

 

where Г is the gamma function defined as [5]: 
 Г( ) =                           (7) 

 
 

III. NUMERICAL METHODS FOR ESTIMATING THE 

WEIBULL PARAMETERS 

The purpose of this study is to compare between seven 
numerical methods to find out which of them is the most 
accurate for estimating the Weibull shape and scale 
parameters. The proposed methods are briefly described 
below: 

A. Graphical method (GP) 
Graphical method is derived by using cumulative 

distribution function, it is achieved based on least square 
regression to fit straight line to wind speed data. This method 
to be implemented, time-series data must sorted into bins 
first. By taking twice natural logarithm of (4), yield [1, 2, 6, 
10]: 

 ln −ln 1 − ( ) = 	ln( ) − 	ln	( )             (8) 
 

Equation (8) is similar to straight line equation             = + , where: 
 = ln −ln 1 − ( )  ,  = 	ln( ) ,  = , 

 = − 	ln	( )                                      (9) 
 

After sorting wind speed data into  bins,  ( ) can be  
easily found, thus plotting  ln	( )  along the  axis versus ln −ln 1 − ( )  along the  axis, and fitting the points 
using least square regression, yield a straight line with a 
slope of  and a y-intercept of − 	ln	( ). Finally, the Weibull 
shape and scale parameters can be calculated as: 

 =  ,  and  =                       (10) 
 

B. Standard deviation method (SD) 
This method is also known as moment method, it is 

applied based on mean and standard deviation of the Weibull 
distribution. By indicating to expressions of (5) and (6), then 
[5, 9]: 

= ГГ − 1                          (11) 
 

Since,  and  are calculated from given wind speed data, 
then  can be estimated by solving expression in (11) 
numerically, then  is given as [5]: 

 = Г                                  (12) 

C. Empirical method of Justus (EMJ) 
This method considers a special case of standard 

deviation method, where the shape parameter , is estimated 
as [2, 6]: 

 = .
                             (13) 

 

The scale parameter  is estimated similar to standard 
deviation method given by (12) [2, 6]. 

 

D. Empirical method of Lysen (EML) 
In this method, the Weibull shape parameter  is 

estimated similar to Justus given by (13). The Weibull scale 
parameter  is estimated as follow [6]: 

 = 0.568 + .
                    (14) 

 

E. Energy pattern factor method (EPF) 
The energy pattern factor ( ) method is related to the 

averaged data of wind speed, defined as [2, 6, 10-12]: 
 = ∑∑                             (15) 

 

The Weibull shape parameter  is estimated as [2, 6]: 
 = 1 + .

                              (16)    
 

The Weibull scale parameter  is estimated similar to 
standard deviation method given by (12), [2, 6]. 

 

F. Maximum likelihood method (ML) 
In this method, numerical iterations are required to 

estimate the Weibull parameters. The Weibull shape and 
scale parameters are estimated by (17), (18), respectively [1–
3, 6, 7, 12, 13]: 

 = ∑ ( )∑ − ∑ ( )
                (17) = ∑

                               (18) 
 

where  is the number of nonzero wind speed data points. 
Equation (17) is solved using an iterative procedure, where 
the initial guess can be set as = 1. Once  is determined,  
can be estimated by solving (18) explicitly. 

 

G. Modified maximum likelihood method (MML) 
The observed wind speed data must be available in 

frequency distribution format to implement this method. 
Similar to maximum likelihood method, an iteration 
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procedure is required for this method. The Weibull shape 
and scale parameters are estimated using the following 
equations: [2, 3, 6,10, 12]: 

 = ∑ 	 ( ) ( )∑ 	 ( ) − ∑ ( )	 ( )( )          (19) 
 = ( )∑ 	 ( )                    (20) 
 

where  is the wind speed central to bin ,  is the number 
of bins, ( ) is the frequency of wind speed falls within bin 
, and ( ≥ 0) is the probability that wind speed equals to 

or exceeds zero. 
 

IV. STATISTICAL CRITERIA USED FOR PERFORMANCE 

EVALUATION 

In this section, different statistical approaches are used to 
assess the performance of aforementioned numerical 
methods, they are briefly described below: 

A. Mean absolute percentage error (MAPE) 
The MAPE is a criterion which represents the mean 

absolute percentage difference between estimated frequency 
obtained using the proposed methods and observed 
frequency of wind speed, it is given by [6]: = ∑ × 100%               (21) 

where ,  are the estimated and observed frequency of 
wind speed fall into bin , respectively, and  is the number 
of bins. 

B. Mean absolute bias error (MABE) 
The MABE provides the average quantity of total 

absolute bias error between estimated and observed 
frequency of wind speed, it is given by [6]: 

 = ∑ | − |                     (22) 
 

C. Root mean square error (RMSE) 
The RMSE represents the accuracy of distribution by 

measures the average mismatch between values of observed 
and estimated frequency of wind speed. It is given by [1, 5, 
10-12]: 

 = ∑ ( − )                   (23) 
 

High value of RMSE indicates problem, and small value 
indicates that the distribution is well fitted to data. 

 

D. Correlation coefficient ( ) 
This criterion describes the correlation between values of 

estimated and observed frequency of wind speed. The value 
of  varies between −1  (perfect negative correlation) and +1  (perfect positive correlation), whereas value of 0 
indicates the two data sets are completely different. The 
correlation coefficient is given by [5, 9]: 

 = ∑ ( )( )
                     (24) 

 

where ,  are the mean value of estimated and observed 
frequency of wind speed, respectively. ,  are the 
standard deviation of estimated and observed frequency of 
wind speed, respectively. 
 

E. Relative error 
The relative error is used to measure the error between 

two points, given as [14, 15]: 
 = × 100%                       (25) 
 

where ,  are the estimated value and actual point value 
(observed), respectively. 
 
 
 
 

TABLE I.  PERFORMANCE EVALUATION OF THE SEVEN SELECTED METHODS USING DIFFERENT STATISTICAL CRITERIA AT HUB HEIGHT OF 10 M. 

Methods 
Bin width = 1.3 m/s Bin width = 1 m/s 

Weibull parameters Statistical tests Weibull parameters Statistical tests 
  MAPE MABE RMSE R   MAPE MABE RMSE R 

GP 0.994821 8.441978 2.759447 0.032972 0.043964 0.736408 1.306002 4.797690 0.835399 0.021867 0.034128 0.830194 
SD 1.889300 5.083062 0.157952 0.005362 0.010606 0.984670 1.889300 5.083062 0.184551 0.006438 0.013889 0.973872 

EMJ 1.913469 5.085118 0.128493 0.004842 0.010141 0.985931 1.913469 5.085118 0.160849 0.006116 0.013501 0.975280 
EML 1.913469 5.088377 0.130480 0.004853 0.010131 0.985964 1.913469 5.088377 0.162386 0.006136 0.013493 0.975316 
EPF 1.901763 5.084155 0.142709 0.005052 0.010359 0.985346 1.900250 5.084026 0.173774 0.006293 0.013708 0.974534 
ML 1.954888 5.120651 0.099352 0.004546 0.009426 0.987828 1.957467 5.124355 0.136024 0.005976 0.012852 0.977611 

MML 1.918205 5.119418 0.143607 0.004893 0.009978 0.986447 1.900969 5.099839 0.180462 0.006380 0.013656 0.974757 

TABLE II.  PERFORMANCE EVALUATION OF THE SEVEN SELECTED METHODS USING DIFFERENT STATISTICAL CRITERIA AT HUB HEIGHT OF 30 M. 

Methods 
Bin width = 1.3 m/s Bin width = 1 m/s 

Weibull parameters Statistical tests Weibull parameters Statistical tests 
  MAPE MABE RMSE R   MAPE MABE RMSE R 

GP 1.321746 10.795393 2.688788 0.032022 0.041005 0.842473 1.773362 6.303179 0.654419 0.014154 0.022624 0.918295 
SD 2.348100 6.611961 0.214768 0.005263 0.008386 0.989309 2.348100 6.611961 0.181882 0.005604 0.008867 0.988202 

EMJ 2.365873 6.611183 0.196382 0.005178 0.008140 0.989811 2.365873 6.611183 0.167630 0.005435 0.008617 0.988737 
EML 2.365873 6.613031 0.197257 0.005186 0.008150 0.989791 2.365873 6.613031 0.168307 0.005443 0.008627 0.988716 
EPF 2.302156 6.613700 0.263086 0.005563 0.009097 0.987778 2.302156 6.613700 0.219337 0.006033 0.009584 0.986580 
ML 2.313203 6.601771 0.246041 0.005409 0.008864 0.988267 2.313203 6.601771 0.206132 0.005884 0.009350 0.987096 

MML 2.307586 6.611098 0.256202 0.005501 0.008997 0.987996 2.310443 6.607931 0.210560 0.005934 0.009422 0.986944 

 

175



TABLE III.  PERFORMANCE EVALUATION OF THE SEVEN SELECTED METHODS USING DIFFERENT STATISTICAL CRITERIA AT HUB HEIGHT OF 50 M. 

Methods 
Bin width = 1.3 m/s Bin width = 1 m/s 

Weibull parameters Statistical tests Weibull parameters Statistical tests 
  MAPE MABE RMSE R   MAPE MABE RMSE R 

GP 1.314211 12.043183 2.799798 0.031760 0.039899 0.843558 1.586677 7.798979 1.113664 0.019785 0.026448 0.896120 
SD 2.422900 7.063578 0.136243 0.004347 0.006271 0.993080 2.422900 7.063578 0.110335 0.004378 0.006259 0.993183 

EMJ 2.439193 7.062608 0.119308 0.004233 0.006012 0.993571 2.439193 7.062608 0.097258 0.004210 0.005995 0.993677 
EML 2.439193 7.064196 0.119960 0.004234 0.006013 0.993572 2.439193 7.064196 0.097764 0.004211 0.005998 0.993677 
EPF 2.387673 7.065528 0.173302 0.004631 0.006866 0.991891 2.387673 7.065528 0.138957 0.004736 0.006866 0.991987 
ML 2.381632 7.047607 0.172416 0.004660 0.006963 0.991614 2.381632 7.047607 0.138241 0.004782 0.006959 0.991720 

MML 2.374053 7.054642 0.183161 0.004726 0.007101 0.991348 2.375927 7.050253 0.143675 0.004841 0.007064 0.991509 

 

V. RESULTS AND DISCUSSION  

In this study, the Weibull shape , and scale  parameters 
are estimated using seven numerical methods based on wind 
speed data recorded at three hub heights of 10, 30, and 50 m 
above ground. The estimated Weibull parameters are 
presented in Tables I-III, where different bin width of wind 
speed is considered. The corresponding Weibull distribution 
curves are plotted compared to the actual probability 
distribution, shown in Figs. 1-3. Graphically, it is observed 
that the graphical method presents a bad curve fitted to the 
histogram of observed wind speed at all hub heights. 
Whereas other methods which seem to be identical show 
better curves fitted to the actual histogram of wind speed. 

 

The performance of the seven numerical methods is 
evaluated using the aforementioned statistical tests. The 
values of these tests are also presented in Tables I-III. 
Although the graphical method is the choice method for 
many researchers since it can be performed by hand in 
minimum computations, it is less accurate than other 
methods as illustrated in Tables I-III. Also, their accuracy 
becomes worst when the bin width is expanded. 

 

A. Teyabeen [5] proved that the Weibull distribution is 
appropriate for wind speed data recorded at the same studied 
location in this study, and his results showed that the Weibull 
distribution is not well fitted to the observed wind speed data 

recorded at hub height of 10 m. The maximum likelihood 
method gives better accuracy at hub height of 10 m where 
the Weibull distribution is not matched well with observed 
wind speed data, and this outcome similar to Ref [12] and 
[16]. Whereas EMJ and EML provide the best accuracy at 
height of 30 m and 50 m where the Weibull distribution is 
matched well with observed wind speed data as proved in 
Ref [5], this outcome also agreed with Ref [12]. 

 

The effect of bin width on the accuracy of seven 
numerical methods is also simulated in this study. It is 
presented in Figs. 4-6. MAPE of each method is plotted 
versus bin width, where MAPE of graphical method is 
plotted in left y-axis, while MAPE of other methods are 
plotted in right y-axis. It is clearly seen that the MAPE of 
graphical method significantly varies when bin width is 
increased. Whereas MAPE of other methods slightly varies 
when bin width is changed. 

 

The values of Weibull shape and scale parameters which 
predicted by each method are used for determining the 
average and standard deviation of Weibull distribution using 
(5) and (6), and they compared with average and standard 
deviation of observed wind speed data, the results are 
illustrated in Tables IV and V, where bin width is considered 
as 1 m/s at three hub heights. From the results illustrated in 
Table IV, it can be seen that the relative error of SD, EMJ, 
and EPF methods is the  lowest  error  in  estimating  average  

 
 
 
 
 
 
 

TABLE IV.  COMPARISON BETWEEN THE AVERAGE WIND SPEED PREDICTED BY THE SEVEN METHODS AND THE MEASURED DATA. 

Numerical 
methods 

At hub height of 10 m. At hub height of 30 m. At hub height of 50 m. 
Average wind speed  % Average wind speed  % Average wind speed  % 

GP 4.426953 1.870966 5.609587 4.260794 6.997852 11.73536 
SD 4.511359 0.000000 5.859237 0.000000 6.262880 0.000000 

EMJ 4.511359 0.000000 5.859237 0.000000 6.262880 0.000000 
EML 4.514250 0.064083 5.860875 0.027956 6.264288 0.022482 
EPF 4.511359 0.000000 5.859237 0.000000 6.262880 0.000000 
ML 4.543392 0.710052 5.849005 0.174630 6.246718 0.258060 

MML 4.525336 0.309818 5.854377 0.082946 6.248807 0.224705 
Measured 4.511359 - 5.859237 - 6.262880 - 

TABLE V.  COMPARISON BETWEEN THE STANDARD DEVIATION PREDICTED BY THE SEVEN METHODS AND THE MEASURED DATA. 

Numerical 
methods 

At hub height of 10 m. At hub height of 30 m. At hub height of 50 m. 
Standard deviation  % Standard deviation  % Standard deviation  % 

GP 3.419217 37.76005 3.268656 23.28303 4.512365 63.76097 
SD 2.482377 0.014827 2.651965 0.023460 2.756157 0.025368 

EMJ 2.454065 1.125862 2.634113 0.649859 2.739667 0.573081 
EML 2.455638 1.062486 2.634850 0.622062 2.740283 0.550725 
EPF 2.469463 0.505478 2.699331 1.809951 2.792543 1.345874 
ML 2.421355 2.443746 2.683084 1.197167 2.791663 1.313938 

MML 2.476268 0.231305 2.688423 1.398537 2.798601 1.565729 
Measured 2.482009 - 2.651343 - 2.755458 - 
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                                                                            (a)                                                                                                                        (b) 

Figure 1.  Actual and estimated probability distributions, at height of 10 m, (a) bin width =1.3 m/s, (b) bin width =1 m/s. 

 

             
                                                                           (a)                                                                                                                        (b) 

Figure 2.  Actual and estimated probability distributions, at height of 30 m, (a) bin width =1.3 m/s, (b) bin width =1 m/s. 

 

           
                                                                            (a)                                                                                                                          (b) 

Figure 3.  Actual and estimated probability distributions, at height of 50 m, (a) bin width =1.3 m/s, (b) bin width =1 m/s. 

 

value. This outcome is expected because the Weibull 
parameters estimated using these methods are strongly 
depend the average value of measured wind speed data as 
shown in equations (11), (12), (13), and (16). Whereas the 
GP method has higher relative error in estimating average 
value of wind speed. This outcome is also expected because 
the Weibull parameters predicted using this method is 

independent of the average value of observed wind speed 
data as shown in equations (10). From the results illustrated 
in Table V, it is observed that the relative error of SD 
method is the lowest error in estimating standard deviation 
value, because the Weibull parameters estimated using this 
method is strongly depend on the standard deviation value of 
wind speed. 
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Figure 4.  Effect of bin width on accuracy of methods at height of 10 m. 

   
Figure 5.  Effect of bin width on accuracy of methods at height of 30 m. 

 
Figure 6.  Effect of bin width on accuracy of methods at height of 50 m. 

VI. CONCLUSION 

The Weibull distribution is widely utilized in 
investigation of wind energy potential due to its simplicity 
and accuracy in describing wind speed data. In this paper, 
performance of the seven numerical methods for estimating  
the Weibull shape and scale parameters was evaluated using 
statistical criteria including MAPE, MABE, RMSE, and . 
Based on the results of statistical analyses, it was concluded: 

 
(1) The empirical methods of Justus and Lysen 

provided the highest performance when Weibull 
distribution was well fitted with observed wind 
speed data. 

(2) Maximum likelihood method gave better accuracy, 
if Weibull distribution was not matched well to the 

observed wind speed data. Otherwise, its accuracy 
was not desirable. 

(3) The graphical method was found to be inefficient in 
determining the Weibull parameters. Its accuracy 
was affected by the bin width in the cumulative 
frequency distribution. 
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