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Abstract — Memristors are labelled as a significant candidate
of building a better storage structure, higher capacity and more
efficient performance. Research shows that the density of a
memristor array could be 100 times higher compared to the
dynamic random-access memory, hence it is possible to build
a storage structure with high density. Tracing back to the year
1971, Prof. Chua firstly proposed the memristor as the fourth
circuit element and defined it as memory-resistor; it is a new
emerged passive device with two terminals that have the ability
to respond to the history or past memory of the current that
passes within it. We hereby, propose comprehensive numerical
models based window functions. When the parameters of the
models are varied, various dynamic behaviours can be obtained
and discussed.

Keywords – memristor; window function; memristive system;
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I. INTRODUCTION

According to our basic electronics textbook, there are

four type-variables of the fundamental circuit elements: flux

(ϕ), charge (q), voltage (v) and current (i). Theoretically, a

relation would exist between each pair of the variables, as a

result, in regarding with the symmetry arguments that there

should be a total of 6 relations between those 4 variables,

however, only 5 had been identified [1]. Chua, the father

of the memristor, postulated there should exist a fourth

element and named it as ‘memristor’ that holds a relationship

between flux (ϕ) and charge (q), meanwhile he challenged

the well established perception of traditional electronics

which consist of three fundamental circuit elements: the

capacitor, the resistor and the inductor, as a result, he

mathematically proved his idea in his seminal paper in 1971

[2]. Chua and his student, Kang later proposed a generalised

concept of ‘memristive system’, which is a class of non-

linear dynamical systems [3]. After those, not too many

work appeared on this topic except some literature works

for about 40 years, since memristors had not realised in real

and it was thought that it was only a theoretical element [4].

Until 2008, 37 years after Chua predicted the existence of

the memristor, a working solid-state memristor based on a

nano-scale thin-film of titanium dioxide was fabricated using

the nanotechnology by a team leaded by Williams at Hewlett

Packard [5], [6].

There are two platinum electrodes on HP’s memristor,

whose bottom platinum side is oxidized to make an ex-

tremely thin layer (2-nm-thick) of platinum dioxide, which is

highly conducting, in the middle layer, a nano-level layer of

T iO2−x is sandwiched between the two platinum electrodes.

In order to achieve the memristive switching effect, over this

layer, it is deposited some T i metal. And the top layer is

the other platinum electrode. By HP’s team hard work of

many years, they showed an experimental i − v plot of a

Pt − T iO2−x − Pt device to prove that they found ‘the

missing memristor’ [5].

After HP presented the first physical memristor, this topic

becomes thrived. It is highlighted that memristors could

offer non-volatility, fast switching, low energy cost and high

density, in particular, memristors can be scaled down to less

than 10 nm [7]. As a result, the memristor has become

one of the most promising candidates in building a better

storage structure with higher capacity and more efficient

performance. Currently, memristors have been widely used

in many applications, such as storage elements in the content

addressable memory and synapses in neural network [8]–

[15]. The memristor behaves like a resistor with the function

which could remember the history of its current meanwhile

exhibits many peculiar unconventional non-linear features

[16]. These interesting distinctive characteristics have been

developed and led to a number of models for different appli-

cations [5], [17]–[25]. Modelling the memristor is critical for

memristive systems, memristor circuits studies and analysing

their performance.

In this paper, we present a new memristor model with a

controllable window function, that could offer more flexi-

bilities and accurate simulation results. The boundary speed

and acceleration are used for analysis of the boundary

condition effect and the non-linear drift of the memristor.

As for the organization of the paper, in Section II, we will

review the HP’s memristor model. Then we will describe

our new memristor model, which includes a controllable

parameter for appropriately adjusting and refining the model

to match certain physical materials or specific memristive

systems in Section III. Section IV will provide the simulation

results and discussions regarding the performance. Finally,
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the discussion and conclusion will be drawn in Section V.

II. HP’S MODEL

Hewlett Packard has risen up the interest of memristor

in the public when he reported the solid state version in

the experiments [5], [6]. The composition of HP’s device

contains a 50nm titanium dioxide film between 5nm thick

electrodes [26].

At the initial stage, there are two layers of the titanium

dioxide film; one layer of them has a slight depletion of

oxygen atoms, where the oxygen vacancies play the role as

charge carriers. By comparison, it shows the depleted layer

has much lower resistance than the non-depleted layer.

The oxygen vacancy drifts when the electric field is

applied. It alters the boundary between the high-resistance

and low-resistance layers. In short, the resistance of the

film is relying on how many charges have been input from

a specific direction whilst the current direction could be

change reversed.

Figure 1: The two terminal memristor uses titanium dioxide

T iO2.

A thin film of titanium dioxide (T iO2) is used in HP’s

memristor model (shown in Fig.1), because the structure

of these thin-film titanium dioxide memristors are set to

become a stoichiometric layer of titanium dioxide (low resis-

tance RON ) and an oxygen deficient layer (high resistance

ROFF ) sandwiched between two platinum electrodes [5],

[6]. D is the length of the device and w is the length of

the doped region. The functions of HP’s memristor model

is given by

v(t) =

(
RON

w(t)

D
+ROFF

(
1− w(t)

D

))
i(t) (1)

dw(t)

dt
= μV

RON

D
i(t) (2)

where μV is the ion mobility, v(t) is the voltage that

applied to the memristor, i(t) is the corresponding current

of the device and w(t) is limited in the range of the device

between 0 and D. However, these state equations can not

give an index to the boundary non-linear dopant drift [24].

To surmount this, a window function f(w) is multiplied to

the right-hand side of 2 [5], therefore,

dw(t)

dt
= μV

RON

D
i(t) · f(w) (3)

where f(w) = w(D − w)/D2 . However, the window

function of HP is too simple to fit different kinds of

memristors since it lacks the flexibility.

TABLE I: The corresponding situations of the memristor

switching dynamic process

Dynamic process Stage 1 Stage 2

Situation 1 acceleration increases acceleration increases

Situation 2 acceleration decreases acceleration decreases

Situation 3 acceleration increases acceleration decreases

Situation 4 acceleration decreases acceleration increases

III. AN OMNIPOTENT MEMRISTOR MODEL

Based on HP’s memristor, the memristive behaviour of

the memristor is reflected by the time dependence of the

width of the doped region w(t) [27]. In HP’s model, the

boundary between the doped and undoped regions drifts at

a speed vboundary given by

vboundary =
dw(t)

dt
= μV

RON

D
i(t) (4)

The dynamic process of the memristor is worth discussing

in detail, as it is very important for the memristor or the

whole memristive system during the switching event. From

(1), (2) and (4), it is obvious that the speed vboundary plays

an important role in the dynamic process, because it could

affect the boundary between the doped and undoped regions.

The memristance of the memristive device depends on the

position of the boundary. However, in nano-level devices,

the strong non-linearities in the switching event could be

produced by electric fields, which can be yielded by small

voltages [5]. In [5], it shows that the speed vboundary is

strongly limited when the boundary reaches either side (w
is close to D or 0), because of the strong non-linearities.

In mathematical terms, the speed vboundary (magnitude of

velocity) could be defined as the derivative of the change in

position (displacement) ‘w’ within the device with respect

to time ‘t’:

vboundary = lim
�→0

�w

�t
=

dw(t)

dt
(5)

This can be considered in terms of that a car runs on a

short journey along a straight road between two walls, the

speed of the car should be 0 when it arrives at either wall.

To our best knowledge, there should exist two stages: one

stage is that the boundary (the car) accelerates from rest to

a certain speed; the other stage is that the boundary (the

car) decelerates to rest. Owing to the strong non-linearities,
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(a) Situation 1 (b) Situation 2

(c) Situation 3 (d) Situation 4

Figure 2: Plots of our proposed window functions with

different values of a.

the acceleration could increase or decrease during either

stage, especially the boundary approaches on either side.

The corresponding four situations of the dynamic process

are shown in Table I.

In this paper, we propose one set of four controllable

window functions to model memristors for the four different

situations. The equation 4 is modified to reflect the various

dynamic process as follows:

vboundary =
dw(t)

dt
= μV

RON

D
i(t) · f(w) (6)

In order to model the non-linear drift of the memristor and

make the memristor model flexible, different parabolas as

window functions f(w) are proposed in this paper to model

the memristor in the following four forms, where 0 < a < 1.

These new window functions have two sub-domains [0, a]

and (a, 1] which constitute the whole domain range [0, 1].

The illustrations of the new window functions are shown

in Fig. 2, which shows 4 different situations of the window

functions. One advantage of using these new memristor

models is that we can set different a to change the shape

of the window function in order to adapt various memristor

materials or particular models’ requirements.

A. Situation 1

In the situation 1, the first stage is that the boundary

of the memristor accelerates from rest to a certain speed

with an increasing acceleration. The second stage is that

the boundary of the memristor decelerates to rest with an

increasing acceleration. Then the window function for the

situation 1 is given by

f(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

w2

a2
; a ≥ w ≥ 0

(1− w)2

(1− a)2
; 1 ≥ w > a

(7)

In this paper, we assume that D = 1, Ron = 1, k =
Roff/Ron, μV = 1 and when t = 0 , q(0) = 0, w(q =
0) = w0. Since

i(t) =
dq(t)

dt
(8)

and

M(w(q)) = RON · w(q) +ROFF · (1− w(q)) (9)

which yields the following formula for M(q)

M(q) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
w0 · a2

a2 − w0 · q

)
(1− k) + k ;Q ≥ q

(
1 +

w0 · (1− a)2

a2 − w0 · (1 + q)

)
(1− k) + k ;Q < q

(10)

where Q =
a2

w0
− a.

B. Situation 2

In the situation 2, the first stage is that the boundary

of the memristor accelerates from rest to a certain speed

with a decreasing acceleration; the second stage is that

the boundary of the memristor decelerates to rest with an

decreasing acceleration, then the window function for the

situation 2 is given by

f(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1− (w − a)2

a2
; a ≥ w ≥ 0

1− (w − a)2

(1− a)2
; 1 ≥ w > a

(11)

Similarly with the simulation 1, it could be obtained that

M(q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜⎝ 2a(1− k)

(exp(−2q

a
) · (2a− w0

w0
) + 1)

⎞
⎟⎠+ k

;Q ≥ q

⎛
⎜⎝ (2a− 1) · exp(−2q + 2Q

1− a
) + 1

exp(
−2q + 2Q

1− a
) + 1

⎞
⎟⎠ (1− k) + k

;Q < q
(12)

Where Q =
a

2
· ln( 2a

w0
− 1)
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C. Situation 3

In the situation 3, the first stage is that the boundary

of the memristor accelerates from rest to a certain speed

with an increasing acceleration; the second stage is that

the boundary of the memristor decelerates to rest with a

decreasing acceleration, then the window function for the

situation 3 is given by

f(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

w2

a2
; a ≥ w ≥ 0

1− (w − a)2

(1− a)2
; 1 ≥ w > a

(13)

Similarly with the situation 1, the following formula is
obtained:

M(q) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
w0 · a2

a2 − w0 · q

)
(1− k) + k ;Q ≥ q

(2a− 1)exp(
−2q + 2Q

1− a
) + 1

exp(
−2q + 2Q

1− a
) + 1

(1− k) + k ;Q < q

(14)

where Q =
a2

w0
− a.

D. Situation 4

In the situation 4, the first stage is that the boundary

of the memristor accelerates from rest to a certain speed

with a decreasing acceleration; the second stage is that

the boundary of the memristor decelerates to rest with an

increasing acceleration, then the window function for the

situation 4 is given by

f(w) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1− (w − a)2

a2
; a ≥ w ≥ 0

(1− w)2

(1− a)2
; 1 ≥ w > a

(15)

Similarly with the situation 1, the following formula is
obtained:

M(q) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

⎛
⎜⎝ 2a(1− k)

(exp(−2q

a
) · (2a− w0

w0
) + 1)

⎞
⎟⎠+ k ;Q ≥ q

(
1− (1− a)2

q −Q+ 1− a

)
(1− k) + k ;Q < q

(16)

Where Q =
a

2
· ln( 2a

w0
− 1)

IV. SIMULATIONS

In this section, we do some experiments based on our

new memristor models with different parameters to test

Figure 3: I/V characteristics corresponding to Situation 1 .

Figure 4: I/V characteristics corresponding to Situation 2 .

Figure 5: I/V characteristics corresponding to Situation 3 .
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Figure 6: I/V characteristics corresponding to Situation 4 .

corresponding performances, and some advantages of our

new model are discussed.

For a typical current-controlled memristor, the input is the

current, the output is the voltage, and the slope of the curve

denotes the resistance of the memristor. In the simulations,

we applied a set of signals with different frequency current

as the input to each memristor model of four different

situations and tested the corresponding voltage as the output.

The simulation results of the models are shown in Figure 3,

4, 5 and 6, which show that those models have matched

the HP numerical model and satisfied all of memristors’

observed features. One of the most important memristors’

observed features is the existence of a pinched hysteresis

that effect could be represented by the i − v pinched

hysteresis loop characteristic, which is a typical and critical

memristor characterisation, as Chua highlighted that ‘If it’s

pinched, it’s a memristor’ [28]. Also we could capture from

these simulations, the ‘pinched hysteresis loop’ shrinks by

increasing frequency. In fact, when the excitation frequency

increases towards infinity, the pinched hysteresis loop should

shrink to a linear function which means that the memristor

behaves like a normal resistor.

V. CONCLUSION

The most important advantage of our new memristor

models is that the formula of the memristance M(q) is

given. This aims to identify and model the memristor in a

simple and convenient way, which could help the researchers

and scientists to design and analyse the memristors and

the memristive systems as easy and convenient as possible.

Another advantage of this model is the flexibility, different

memristors could be modelled by controlling the variable pa-

rameter ‘a’ in the controllable window function. Compared

to current existing memristor window functions which do not

provide asymmetric window functions, our models can be

either asymmetric or symmetric by using different parameter

‘a’.
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